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– . , ,
– – (uniformly
minimum variance unbiased estimator, UMVUE) .
, (Washio, Morimoto and Ikeda
[WMI56], Zacks [Z71], Lehmann and Casella [LC98], Roussas [R97], Voinov and Nikulin
[VN93] $)$ . , , , UMVUE
, . , 1




(X, $Y$) (probability density function,
p.d.f.)
$f_{X,Y}(x, y; \theta)=a(x, y)b(\theta)\exp[_{i=}\sum_{1}^{\iota}C_{i}(\theta)d_{i}(x, y)]$ , $(x, y)\in \mathcal{X}\cross \mathcal{Y}\subset R^{2}$ , $\theta\in\Theta\subset R^{k}$
(2.1)
, $P=\{P_{\theta} : \theta\in\Theta\}$ $k$ . ,
$a(\cdot),$ $b(\cdot)$ , $()$ , $d_{i}(\cdot)(i=1, \ldots, l)$ . ,
p.d.f. ,
$a(x, y) \prod_{i=1}[\iota h_{i}(\theta)]^{\mathrm{t}(x,y})$
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., $(X_{1}, \mathrm{Y}_{1}),$ $\ldots,$ $(X_{n}, \mathrm{Y}_{n})$ , (2.2) p.d.f. $n$





$(x_{j}, y_{j})\in \mathcal{X}\cross \mathcal{Y}\subset R^{2}(j=1, \ldots, n),$ $\theta\in\Theta\subset R^{k}$
. , $X=(X_{1}, \ldots, X_{n}),$ $\mathrm{Y}=(Y_{1}, \ldots, Y_{n}),$ $x=(x_{1}, \ldots, X_{n}),$ $y=(y1, \ldots, y_{n})$
. , $z_{i}:= \sum^{n}j=1(d_{i}x_{j}, y_{j})(i=1, \ldots, l)$ , $z_{1}\in(0, \infty),$ $\ldots,$ $zl\in(0, \infty)$




$z_{i}\in(0, \infty)(i=1, \ldots, \iota),$ $\theta\in\Theta\subset R^{k}$
. , $B(z_{1}, \ldots, z\mathrm{t}, n)$
$(g( \theta))^{n}=\int_{0}^{\infty}\cdots\int_{0}^{\infty}B(_{Z_{1}}, \ldots, z\iota, n)i=\prod_{1}\downarrow[hi(\theta)]^{z_{i}}dz_{1}\cdots d_{Z}l$
. , , $(Z_{1}, \ldots, Z_{\mathrm{t}})$ $\theta$ . $-$
, , UMVUE .




$(X_{n}, \mathrm{Y}_{n})$ (2.2) p.d.f. $\mathrm{k}$
. ,
$H_{k}(Z_{1}, \ldots, Z_{\iota}, n)=\{$ $\frac{B(Z_{1^{-}}k_{1},\ldots,Z_{\mathrm{t}}-k_{\iota},n)}{B(Z_{1},\ldots,Z_{l},n)}$ $(Z_{1}>k_{1}, \ldots, z_{\mathrm{t}}>k_{l})$ ,
(2.3)
$0$ ( )
, $\prod_{i=1}^{\iota}\{hi(\theta)\}k_{i}$ UMVUE . , $k_{1},$ $\ldots,$ $k_{l}$ .
( ) , (2.3) ,
$E_{\theta}[H_{k}(z_{1}, \ldots, Z_{l}, n)]$
$B(z_{1}, \ldots, z\iota, n)\prod_{1i=}^{l}[h_{i}(\theta)]z_{i}$





$=$ $\prod_{i=1}^{l}\{h_{i}(\theta)\}^{k}i\int_{z_{l}>}k_{\mathrm{t}}$ . . . $\int_{z_{1}>k_{1}}$
$(g(\theta))^{n}$
$dz_{1}\cdots dz\iota$





, $H_{k}$ $\Pi_{i1}^{\iota}=\{h_{i}(\theta)\}k_{i}$ . , (2.2) $H_{k}$
$(Z_{1}, \ldots, Z_{l})$ . , $H_{k}$ $\Pi_{i=1}^{l}\{h,(\theta)\}^{k_{i}}$ UMVUE .
, $\{g(\theta)\}^{k}$ .





, $\{g(\theta)\}^{k}$ UMVUE .
( ) (2.4) ,














, $G_{k}$ $\{g(\theta)\}^{k}$ . , $m=n+k$ . , (2.2)
, $G_{k}$ $(Z_{1}, \ldots, Z_{l})$ . , $G_{k}$ $\{g(\theta)\}^{k}$ UMVUE
.




$(X_{n}, Y_{n})$ (2.2) p.d.f. $\mathrm{k}$
. , $n\geq 2$ . ,






, $fx,Y(x, y;\theta)$ UMVUE .
( ) (2.5) ,
$E_{\theta^{[\Phi_{x,y}(z_{1},\ldots,Z_{l}}},$ $n)]$





















, $\Phi_{x,y}$ $f_{X,Y}(x, y;\theta)$ . , $m=n-1$ . ,
(2.2) , $\Phi_{x}$ $(Z_{1}, \ldots, Z_{l})$ . , $\Phi_{x,y}$ $f_{X,Y}(x, y;\theta)$
UMVUE .
$2.1\sim 2.3$ , , ,
UMVUE .
21( ). $n\geq 2$ , $(X_{1}, Y_{1}),$ $\ldots,$ $(X_{n}, \mathrm{Y}_{n})$ p.d.f.
$f_{X,Y}(x, y;\alpha, \beta)=\{$
$\alpha\beta e^{-\alpha x-\beta y}$ $(_{X>0,>}y0)$ ,
$0$ ( )
30
. , $\alpha>0,$ $\beta>0$ .
, (X, Y) j.p.d.f. ,
$f_{X,\mathrm{Y}}(x, y; \alpha, \beta)=\int\alpha^{n}\beta n\exp(-\alpha\sum^{n}X_{i}-\beta\sum i=1i=1nyi)$
$(_{X_{i}}>0, yi>0(i=1, \ldots, n))$ ,
10 ( )
, $Z_{1}= \sum_{i=1}^{n}X_{i2},$$Z= \sum^{n}i=1\mathrm{Y}_{i}$ , $Z:=(Z_{1}, Z_{2})$ $(\alpha, \beta)$
. , $Z:=(Z_{1}, Z_{2})$ j.p.d.f.
$f_{Z}(z_{1}, Z_{2};\alpha, \beta)=\{$




$B(z_{1}, z_{2}, n)-- \frac{z_{1^{n-}2^{n}}1_{Z}-1}{\{(n-1)!\}^{2}}$





. , 22 , $1/(\alpha\beta)$ UMVUE ,
$G_{1}(Z_{1}, Z_{2}, n):= \frac{Z_{1}Z_{2}}{n^{2}}$





, $\alpha=2,$ $\beta=3$ $n=20,50$ , p.d.f. $f_{X,Y}(x, y;2,3)$
UMVUE $\Phi_{x,y}(Z_{1}, z_{2}, n)$ , 21 ,
$f_{X,Y}(x, y;2,3)$ , $\Phi_{x,y}(Z_{1,2}z, n)$ , { $\Phi_{x,y}(z1, z2, n)-f_{X,Y}(X,$ $y$ ;
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22( ). $n\geq 3$ , $(X_{1}, Y_{1}),$ $\ldots,$ $(X_{n}, \mathrm{Y}_{n})$ p.d.f.
$f_{X,Y}(x, y; \sigma_{1,2}\sigma)=\frac{1}{2\pi\sigma_{1}\sigma_{2}}\exp\{-\frac{1}{2}(\frac{x^{2}}{\sigma_{1^{2}}}+\frac{y^{2}}{\sigma_{2}^{2}})\}$
2 $N_{2}(0, \mathrm{o}, \sigma_{1}^{22}, \sigma 2,0)$ . , $-\infty<$
$x<\infty,$ $-\infty<y<\infty$ , $\sigma_{1^{2}}>0,$ $\sigma_{2^{2}}>0$ . , $Z_{1}:=\Sigma_{i=1}^{n}x_{i^{2}},$ $z_{2}$ $:=$
$\sum_{i=1}^{n}\mathrm{Y}_{i}^{2}$ , $Z:=(Z_{1}, Z_{2})$ $(\sigma_{1^{2},2^{2}}\sigma)$ , $Z$ $:=$
$(Z_{1}, Z_{2})$ j.p.d.f. ,




$B(_{Z_{1}}, Z_{2}, n)= \frac{(Z_{1}Z_{2})(n-2)/2}{2^{n}\{\Gamma(\frac{n}{2})\}^{2}}$
. , 2.1 , $\exp(-\frac{1}{2\sigma_{1^{2}}}-\frac{1}{2\sigma_{2^{2}}})$ UMVUE ,
$H_{2}(Z_{1}, z_{2}, n)=\{$
$\{(1-\frac{1}{Z_{1}})(1-\frac{1}{Z_{2}})\}^{(n-2)}/2$ $(z_{1}>1, z_{2}>1)$ ,
$0$ $(\not\in\emptyset(\{\mathrm{h})$
. , 23 , $f_{x,Y}(x, y;\sigma 1, \sigma^{2}2)2$ UMVUE ,
$\Phi_{x,y}(Z_{1}, Z_{2}, n)=\frac{1}{\{B(\frac{1}{2},\frac{n-1}{2})\}^{2}}\frac{\{(Z_{1}-X^{2})(z_{2}-y^{2})\}^{(}n-3)/2}{(Z_{1}z_{2})(n-2)/2}\mathcal{X}_{()}z_{1},Z2((X^{2}, \infty)\cross(y^{2}, \infty))$
.
, $\sigma_{1}^{2}=1,$ $\sigma_{2^{2}}=4$ , 2 $N_{2}(0,0,1,4,0)$ $n=$
$20,50$ , p.d.f. $f_{X,Y}(x, y;1,4)$ UMVUE $\Phi_{x,y}(Z_{1}, z_{2}, n)$
, 22 , $f_{X,Y}(x, y;1,4)$ , $\Phi_{x,y}(Z_{1}, z_{2}, n)$ ,
$\{\Phi_{x,y}(Z1, Z2, n)-f_{x,Y}(x, y;1,4)\}/f_{X},Y(x, y;1,4)$ .
, $X_{1},$ $\ldots,$ $X_{n}$ $N(\mathrm{O}, \sigma^{2})$ , $Z:= \sum_{i}nX_{i}=12$ $\sigma_{2}$
, $N(\mathrm{O}, \sigma^{2})$ p.d.f. $fx(x;\sigma)2$ UMVUE
$\Phi_{x}(z, n)=\frac{Z^{-(n-2})/2}{B(\frac{1}{2},\frac{n-1}{2})}(z-X)2(n-3)/2\mathcal{X}Z((x^{2}, \infty))$
$([\mathrm{J}\mathrm{D}90], [\mathrm{V}\mathrm{N}93])$ . , $\sigma^{2}=1$ , $N(\mathrm{O}, 1)$ , $n=20,50$

























































2.1 $N(\mathrm{O}, 1)$ p.d.f. $f_{X}(x;1)$ ( ) UMVUE $\Phi_{x}(z, n)$ ( )
37




23( ). $n\geq 3$ , $X_{1},$
$\ldots,$
$X_{n}$ p.d.f.
$.f_{X}(x;, \sigma^{2})=\frac{1}{\sqrt{2\pi\sigma^{2}}}\frac{1}{x}\exp\{-\frac{(\log x-\mu 0)^{2}}{2\sigma^{2}}\}(X>0)$
(lognormal distribution) $LN(\mu_{0}, \sigma^{2})$ .






. , $z:= \sum_{i=}^{n}1(\log Xi-\mu 0)2$ , $Z$ $\sigma^{2}$







. , 2.1 $\exp(-\frac{1}{2\sigma^{2}})$ UMVUE ,
$H_{1}(Z, n):=\{$
$(1- \frac{1}{Z})(n-2)/2$ $(Z>1)$ ,
10 ( )
. , $-1/(2\sigma^{2})$ . , 23 , $fx(x;\sigma)2$
$\text{ }$ UMVUE ta,










$(X_{n}, \mathrm{Y}_{n})$ (2.1) $\mathrm{n}$ ,
,
$f_{X,\mathrm{Y}}(x, y; \theta)=\prod_{j=1}a(x_{j}, y_{j})bn(\theta)\exp[\langle c(\theta), d(x, y)\rangle]$
(3.1)
. , $c(\theta):=(c_{1}(\theta), \ldots, Cl(\theta)),$ $d(x, y):=(\Sigma_{j=11}^{n}d(Xj, y_{j}),$ $\ldots,$ $\Sigma_{j}^{n}=1d\mathrm{t}(x_{j}, yj))$
, $\langle\cdot, \cdot\rangle$ . , $Z=(Z_{1}(\mathrm{x}, \mathrm{Y}),$ $\ldots,$ $Z_{q}(\mathrm{x}, \mathrm{Y}))$ $:=$
$d(X, \mathrm{Y}.)$ j.p.d.f. ,
$f_{Z}(z, \theta)=B_{n}(z)\psi_{n}(\theta)-1[\exp(\langle c(\theta), z\rangle)]\mathcal{X}_{\tau()}Z$ (3.2)
. , $z:=(z_{1}, \ldots, z_{q})$ , $\mathcal{T}$ $Z$ , $\theta\in\Theta\subset R^{p}(q\leq p)$ ,
$B_{n}(z)$ , $\psi_{n}(\theta)$ . , 2.11 $Z$
. , (A), (B) .
(A) $\mathcal{T}=\mathrm{x}_{i=1}^{q}(ai, b_{i})$ , $n=1,2,$ $\ldots$ ,
$\lim_{z_{i^{arrow a}i+}0}B_{n}(\mathcal{Z})\exp$ [c4 $(\theta)z_{i}$ ] $=$ $0$ $(i=1, \ldots, q)$ ,
$\lim_{z_{i}arrow b_{i}0}B-n(z)\exp[c_{i}(\theta)z_{i}]$
$=$ $0$ $(i=1, \ldots, q)$
.
(B) $\mathcal{T}=\cross_{i=1}^{q}(a_{i}, b_{i}),\overline{B}_{ni}(z):=\int_{a_{i}}z_{i}B_{n}(Z)dz_{i}(i=1, \ldots, q)$ , $n=1,2,$ $\ldots$
,
$\lim_{z_{i}arrow b_{i}0}Bi(nz)\exp-[\mathrm{q}(\theta)z_{i}]=0$ $(i=1, \ldots, q)$
.
3.2 –
, $c(\theta)$ $c(\theta)^{-1}$ . , (3.2) ,
$\eta:=c(\theta)$ , (3.2)
$f_{Z}(z, \eta)=B_{n}(z)\psi*n(\eta)-1\mathrm{p}\mathrm{e}\mathrm{x}[\langle\eta, z\rangle]\mathcal{X}_{\mathcal{T}}(Z)$ (3.3)
, (canonical form) , $\eta=(\eta 1, \ldots, \eta_{q})$ (natural





$(X_{n}, Y_{n})$ j.p.d.f (3.1) . ,
(A) ,
$\hat{c}_{n}(Z)$ $:=$ $- \frac{\nabla B_{n}(Z)}{B_{n}(Z)}$
$=$ $(- \frac{\frac{\partial}{\partial Z_{1}}B_{n}(Z)}{B_{n}(Z)},$
$\ldots,$
$- \frac{\frac{\partial}{\partial Z_{q}}B_{n}(Z)}{B_{n}(Z)})$ (3.4)
, $c(\theta)$ UMVUE .
( ) (3.4) (A) , $i=1,$ $\ldots,$ $q$
$E_{\theta}[- \frac{\frac{\partial}{\partial Z_{i}}B_{n}(Z)}{B_{n}(Z)}]$
$=$ $- \frac{1}{\psi_{n}(\theta)}\int_{\mathcal{T}}\{\frac{\partial}{\partial z_{i}}B_{n}(z)\}\exp[\langle C(\theta), z\rangle]d_{\mathcal{Z}}$
$=$ $- \frac{1}{\psi_{n}(\theta)}\int_{a}^{b_{1}}1\ldots\int_{a_{i-}}bi-11\int_{a}^{b_{i+}}i+11\ldots\int_{a}^{b_{q}}qi\int_{a}^{b_{i}}\{\frac{\partial}{\partial z_{i}}B_{n}(z)\}\exp[\langle c(\theta), \mathcal{Z}\rangle]$
$dz_{i}dz_{!}\cdots dzi-1dz_{i+1}\cdots d_{Z}q$
$=$ $- \frac{1}{\psi_{n}(\theta)}\int_{a_{1}}^{b_{1}}\cdots\int_{a}^{b}i-i-11\int_{a_{i1}}b_{i+1}+\cdots\int_{a_{q}}^{b_{q}}\{[B_{n}(z)\exp[\langle_{C}(\theta), z\rangle]]^{b}a_{i}i$
$-c_{i}( \theta)\int^{b_{i}}a_{i}\cdot z_{i}B_{n}(z)\exp[\langle C(\theta), Z\rangle]d\}dz_{1}\cdots dz_{i}-1dZi+1\ldots dZ_{q}$
$=$ $c_{i}( \theta)\int_{\mathcal{T}}B_{n}(Z)\psi_{n}(\theta)-1[\langle_{C}(\exp\theta), z\rangle]dz$
$=$ $c_{i}(\theta)$
, $\hat{c}_{n}(Z)$ $c(\theta)$ . , (2.1) (Z)
, $\hat{c}_{n}(Z)$ $c(\theta)$ UMVUE .
, .





, $c(\theta)^{-1}$ UMVUE .
( ) (3.5) (B) , $i=1,$ $\ldots,$ $q$
$E_{\theta}[- \frac{\overline{B}_{ni}(Z)}{B_{n}(Z)}]$
41
$=$ $- \frac{1}{\psi_{n}(\theta)}\int_{\mathcal{T}}\frac{\tilde{B}_{ni}(z)}{B_{n}(z)}B_{n}(Z)\exp[\langle_{\mathrm{C}(\theta)}, z\rangle]dz$
$=$ $- \frac{1}{\psi_{n}(\theta)}\int_{a_{1}}^{b_{1}}\cdots\int_{a_{i1}}^{b_{i-1}}-\int_{a_{i1}}^{b}i++1\ldots$ $\int_{a_{q}}^{b_{q}}\int_{a_{i}}^{b_{i}}\tilde{B}i(nZ)(\mathrm{G}(\theta)^{-1}\exp[\langle C(\theta), z\rangle])’$
$dz_{i}d_{Z_{1}}\cdots dzi-1dZi+1\ldots dZ_{q}$
$=$ $- \frac{1}{\psi_{n}(\theta)}\int_{a_{1}}^{b_{1}}\cdots\int_{a_{i1}}^{b_{i-1}}-\int_{a_{i+1}}^{b_{i+1}}\cdots\int_{a_{q}}^{b_{q}}\{[c_{i}(\theta)^{-}1\overline{B}_{ni}(_{Z)[}\exp\langle C(\theta), z\rangle]]_{a_{i}}^{b}i$
$- \mathrm{Q}(\theta)^{-}1\int_{a_{i}}b_{i}Bn(Z)\exp[\langle \mathrm{C}(\theta), z\rangle]d_{Z_{i\}}}dz_{1}\cdots dz_{i}-1dZi+1\ldots dZ_{q}$
$=$ $c_{i}( \theta)^{-1}\int_{\mathcal{T}}B_{n}(\mathcal{Z})\psi_{n}(\theta)-1[\langle_{C}(\exp\theta), z\rangle]dz$
$=$ $c_{i}(\theta)^{-1}$
, $\hat{C}_{n}(Z)$ $c(\theta)^{-1}$ . , (2.1) $\hat{C}_{n}(Z)$
, $\hat{C}_{n}(Z)$ $c(\theta)^{-1}$ UMVUE .
3.1, 3.2 , 2
, $\text{ }$ UMVUE .
21( ) ( ). $n\geq 2$ , $(X_{1}, \mathrm{Y}_{1}),$ $\ldots,$ $(X_{n}, Y_{n})$ p.d.f.
$f(x, y)=\{$
$\alpha\beta e^{-\alpha x-\beta y}$ $(_{X>0,>}y0)$ ,
$0$ ( )
. , $Z_{1}:=\Sigma_{i=}^{n}1=X_{i},$$z_{2}: \sum^{n}i=1Y_{i}$
, $Z:=(Z_{1}, Z_{2})$ $\theta:=(\alpha, \beta)$ , j.p.d.f (2.6)
. , $B_{n}(z)=(Z_{1}\mathcal{Z}_{2})^{n-}1/\{(n-1)!\}2$ , (A), (B) .
, 3.1
$\hat{c}_{n}(Z):=(-\frac{n-1}{Z_{1}},$ $- \frac{n-1}{Z_{2}})$
, $c(\theta)=(-\alpha, -\beta)$ UMVUE . , 32
$\hat{C}_{n}(Z):=(-\frac{Z_{1}}{n},$ $- \frac{Z_{2}}{n})$
, $c(\theta)-1=(-1/\alpha, -1/\beta)$ UMVUE .
2.2 ( ) ( ). . $n\geq 3$ , $(X_{1}, Y_{1}),$ $\ldots,$ $(X_{n}, Y_{n})$ 2
$N_{2}(0,0, \sigma_{1}^{2}, \sigma_{2},02)$ . , $Z_{1}:= \sum_{i=1}^{n}x_{i^{2}},$ $z_{2}$ $:=$
$\sum_{i=1}^{n}Y_{i}^{2}$ , $Z:=(Z_{1}, Z_{2})$ $\theta:=(\sigma_{1^{2},2^{2}}\sigma)$ ,
j.p.d.f. , (2.7) . , $B_{n}(z)=(z_{1}Z_{2})(n-2)/2$ , (A)
. , 3.1 ,
$\hat{c}_{n}(Z):=(-\frac{n-2}{2Z_{1}},$ $- \frac{n-2}{2Z_{2}})$
42
, $c(\theta)=(-1/(2\sigma_{1^{2}}), -1/(2\sigma_{2}^{2}))$ UMVUE . , 32 ,
$\hat{C}_{n}(Z):=(-\frac{2Z_{1}}{n},$ $- \frac{2Z_{2}}{n})$
, $c(\theta)^{-}1=(-2\sigma_{1^{2}}, -2\sigma_{2^{2}})$ UMVUE .





(Weibull) . , $\theta_{1}>0,$ $\theta_{2}>$
$0,$ $\beta_{1}>0,$ $\beta_{2}>0$ , $\beta_{1},$ $\beta_{2}$ . , (X, Y) j.p.d.f. ,
$f_{X,\mathrm{Y}}(_{X}, y;\theta_{1}, \theta_{2})=\{$
$( \frac{\beta_{1}\beta_{2}}{\theta_{1}\theta_{2}})^{n}\Pi_{i=}^{n}1(x_{i^{\beta 1}}-1)y^{\beta_{2}-1}i\exp\{-\sum_{i=1}^{n}(\frac{x_{i^{\beta_{1}}}}{\theta_{1}}+\frac{y_{i}^{\beta_{2}}}{\theta_{2}})\}$
$(x_{i}>0, y_{i}>0(i=1, \ldots, n))$ ,
10 ( )
. , $Z_{1}:=\Sigma_{i1}^{n}=i^{\beta_{1}}Z_{2}X,:=\Sigma_{i=}^{n}1Y_{i^{\beta 2}}$ , $Z:=(Z_{1}, Z_{2})$ ( $\theta$ $:=$
$(\theta_{1}, \theta_{2})$ , $Z:=(Z_{1}, Z_{2})$ j.p.d.f. ,
$fz(_{Z}; \theta 1, \theta_{2})=\int\frac{(z_{1}z_{2})^{n-1}}{(\theta_{1}\theta_{2})^{n}\{\Gamma(n)\}^{2}}\exp(-\frac{z_{1}}{\theta_{1}}-\frac{z_{2}}{\theta_{2}})$
$(z_{1}>0, z_{2}>0)$ ,
10 ( )
. , $B_{n}(z_{1,2}z)=(Z_{1}Z_{2})n-1$ , (A), (B) . ,
3.1 ,
$\hat{c}_{n}(Z):=(-\frac{n-1}{Z_{1}},$ $- \frac{n-\perp}{Z_{2}})$
, $c(\theta)=(-1/\theta_{1}, -1/\theta_{2})$ UMVUE . , 32 ,
$\hat{C}_{n}(Z):=(-\frac{Z_{1}}{n},$ $- \frac{Z_{2}}{n})$
, $c(\theta)^{-}1=(-\theta_{1}, -\theta_{2})$ UMVUE .
$32$ ( $/\backslash ^{\mathrm{o}}\triangleright-$ ). $n\geq 2$ , ($X_{1}$ , Yl), . . . , $(X_{n}, Y_{n})$
p.d.f.
$f(x, y;\theta_{1}, \theta_{2})=\{$




(Pareto) . , $\theta_{1}>0,$ $\theta_{2}>$
$0,$ $\mu_{1}>0,$ $\mu_{2}>0$ , $\mu_{1},$ $\mu_{2}$ . , (3.6)
$f(x, y; \theta_{1}, \theta_{2})=\int^{\frac{\theta_{1}\theta_{2}}{xy}\exp(^{-\theta_{1}}\mathrm{l}\mathrm{o}}\mathrm{g}\frac{x}{\mu_{1}}-\theta 2\log\frac{y}{\mu_{2}}\mathrm{I}$
$(x>\mu_{1}, y>\mu_{2})$ ,
10 ( )




$(_{X_{i}>\mu_{1}}, y_{i}>\mu 2(i=1, \ldots, n))$ ,
10 ( )
. , $Z_{1}:=\Sigma_{i=}^{n}1\log(X_{i}/\mu_{1}),$ $Z_{2}:= \sum_{i}^{n}=1\log(Yi/\mu_{2})$ , $Z:=(Z_{1}, Z_{2})$
$\theta:=(\theta_{1}, \theta_{2})$ , $Z:=(Z_{1}, Z_{2})$ j.p.d.f. ,
$f_{Z}(z_{1}, Z_{2}; \theta_{1}, \theta_{2})=\int\frac{(\theta_{1}\theta_{2})^{n}(Z1z2)^{n-1}}{\{\Gamma(n)\}^{2}}\exp(-\theta 1^{Z}1-\theta_{22}z)$
$(z_{1}>0, z_{2}>0)$ ,
10 ( )
. , $B_{n}(z)=(Z_{1}\mathcal{Z}_{2})^{n-}1$ , (A), (B) . ,
3.1 ,
$\hat{c}_{n}(Z):=(-\frac{n-1}{Z_{1}},$ $- \frac{n-1}{Z_{2}})$
, $c(\theta)=(-\theta_{1}, -\theta_{2})$ UMVUE . , 32 ,
$\hat{C}_{n}(Z):=(-\frac{Z_{1}}{n},$ $- \frac{Z_{2}}{n})$
, $c(\theta)-1=(-1/\theta_{1}, -1/\theta_{2})$ UMVUE .
2.3 ( ) ( ). $n\geq 3$ , $X_{1},$ $\ldots,$ $X_{n}$ $LN(\mu_{0}, \sigma^{2})$
. , $Z:= \sum_{i=1}^{n}(\log Xi-\mu_{0})^{2}$ , 2.1.1
, $Z$ , $\sigma^{2}$ , p.d.f. , (2.8 . ,
$B_{n}(z)=Z(n-2)/2$ , (A), (B) . , 3.1 ,
$\hat{c}_{n}(Z):=-\frac{n-2}{2Z}$
, $c(\theta)=-1/(2\sigma^{2})$ UMVUE . , 32 ,
$\hat{C}_{n}(Z):=-\frac{2Z}{n}$
, $c(\theta)-1=-2\sigma 2$ UMVUE .
44
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